The OOB radiation from large arrays with nonlinear hardware has a different radiation pattern than the beamformed in-band signal. This is the main difference between the OOB radiation from large arrays and from well-studied legacy systems. Beamforming might focus the OOB radiation in certain directions but also significantly reduce the total power that has to be transmitted. For cost and power-consumption reasons, large arrays might have to be built from low-complexity hardware without advanced precompensation for linearization, which increases the relative amount of OOB radiation. Given that large arrays will be used in future base stations, a correct understanding of the OOB radiation is crucial to specify appropriate linearity requirements for the hardware. We show that the OOB radiation from large arrays varies little between coherence times; it is isotropic in many cases; and when it is beamformed, it is directed toward the served user in a very narrow beam with an array gain equal to or less than that of the in-band signal. We draw the conclusion that, compared to legacy systems, less stringent linearity requirements can be used in many systems with large arrays by virtue of the lower transmit power needed to upkeep the same received signal-to-noise ratio.
MotivAtion
Out-of-band (OOB) radiation is caused by nonlinearities in the transmitter and can harm the operation of victim systems operating in adjacent frequency bands. This scenario is depicted in Fig. 1 . Often, the harm is mitigated by setting linearity requirements on the transmitter hardware. Introducing requirements that are too stringent, however, increases the complexity, cost and power consumption of the hardware more than necessary.
Large arrays are envisioned to be used in both massive MIMO and millimeter wave (mmWave) communication, both key technologies for 5G [1] , to beamform multiple signals to different users. It is desirable to build such large arrays without high-end hardware or advanced compensation techniques, which become too expensive and power hungry as the number of radio chains grows [2, 3] . Recent work indicates that the OOB radiation from large arrays is less harmful and that linearity requirements can be relaxed [4] .
To set appropriate linearity requirements on the hardware will be decisive for how future radio equipment will be designed, i.e., which amplifier architectures, digital-to-analog converters and so on that have to be employed. It will also influence what signal processing is required, such as predistortion, (peak-to-average ratio) reduction and low-precoding. Power efficiency, system complexity, cost and size of future communication systems will all be affected by how OOB radiation from large arrays is regulated. Commonly, standards require that conducted measurements, that is, measurements through a physical connection before the antenna at the antenna reference point (ARP), of the ACLR (adjacent-channel leakage ratio) be below a certain threshold. The ACLR is the ratio between the power in the allocated band and the power in the strongest of the two adjacent bands. The bandwidths of all bands are the same and the allocated band is centered around the carrier frequency and contains the whole desired signal, including its excess bandwidth. When there are multiple antennas, each power is measured as the total power summed over all antennas.
Over-the-air measurement is an alternative to ACLR. In contrast to the ACLR, it directly measures the actual received amount of OOB power, which, ultimately, is what harms a victim. This is treated further later.
This article explains how OOB radiation from an antenna array that is used for directive transmission behaves. Even though most of the presented results apply to any such array, be it used in a base station or in a handset, no claims will be made about the uplink, where the abundance of system configurations makes a conclusive discussion difficult. Furthermore, the receivers will be assumed to have a single antenna. This might be seen as a worst case scenario, since multiple antennas would allow for receiving beamforming, which could reduce interference.
oob rAdiAtion froM LArge ArrAys is different
There are two main differences between OOB radiation from legacy SISO (single-input single-output) systems and from large arrays: the power with which it is transmitted, and its radiation pattern.
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Out-of-Band Radiation from
Large Antenna Arrays be made significantly smaller than that of a legacy system, which only serves a single user, while still maintaining the same signal-to-interference-and-noise ratio to all users. While the radiation pattern of the OOB and the in-band signals are the same in legacy systems, the signal envelope and thus the nonlinear distortion is different at each antenna in large arrays. As a result, the radiation pattern of the OOB radiation may differ from that of the in-band signal.
It is possible to operate a large array with the same transmit power as a legacy system, to increase the transmission range or the signal-to-interference-and-noise ratio. While we will treat the low-power mode as the standard mode of the large array, this high-power mode will also be investigated. In many cases, especially in multicell scenarios, the system is interference limited, that is, the signal-to-interference-and-noise ratio is only improved slightly in high-power mode [5] . An increased transmission range can also be accomplished in low-power mode by increasing the number of antennas, and the array gain.
The OOB radiation from large arrays has received little attention in the academic literature, unlike the OOB radiation from legacy systems [6, 7] . Models for phased arrays for satellite communication have been studied in, for example, [8] , and phased arrays with two beams in [9] . Numerical results for large arrays in a frequency-flat system are presented in [10] . The industry has also shown interest in OOB radiation from large arrays through the 3GPP, a consortium that develops standards for cellular communication, where many contributions have been written on the topic recently. In this article, we use the analytical tools developed in [4] for frequency-selective systems to explain the radiation pattern of OOB radiation from systems with nonlinear hardware that serve multiple users by spatial multiplexing, and to discuss its implications for system design.
The polynomial model is commonly used to model amplifiers, since it can describe any quasi-memoryless system to arbitrary precision. The nonlinearity used to generate the illustrations is modeled by a third-order polynomial, whose coefficients are fitted to measured data from a class AB amplifier. The setup is agnostic to bandwidth and carrier frequency. Other potentially nonlinear hardware components, such as digital-to-analog converters and phase shifters (in case of analog beamforming), are assumed to be ideal.
Signals with Gaussian amplitude distributions and high PAR will be considered. This includes most types of transmit signals, not only orthogonal frequency-division multiplexing signals and single-carrier signals with high modulation orders, but also many single-carrier signals with low modulation orders. If the beamforming is frequency selective or if multiple users are served, then the transmit signal is a linear combination of many symbols, which creates a signal with high PAR also for low modulation orders. There are low-precoders that produce signals with lower amplitude variations, for example, [11] , to allow for less linear hardware. While there is no reason to believe that the radiation pattern of the OOB radiation from such signals is any different in nature, this remains to be shown in future research.
We will cover the four channel scenarios in Table 1 . The properties of the channel change with the carrier frequency. The channel is directive at the high frequencies considered for mmWave communication, that is, there are only one or a few distinct incident paths, whereas there is more multipath propagation and isotropic scattering at lower frequencies. Measurements [12, 13] reveal that, in reality, the channel has both directive and isotropic components and the relative significance of the two components changes continuously as frequency changes. To cover both the cases of mmWave and massive MIMO communication, we consider both a low-rank line-of-sight channel and a channel with isotropic scattering, both in static and mobile settings.
In line-of-sight communication, the time a mobile user equipment spends in one static lobe is relatively long. For example, with 100 antennas separated by half a wavelength, the beamwidth is on the order 1.8° and a victim located 100 m from the transmitter and moving at 30 m/s perpendicular to the beam is inside the beam for 100 ms. We therefore model the line-of-sight channel as static, even if there is mobility.
In an environment with isotropic scattering, the victim only has to move half a wavelength to experience a different channel. The static and mobile scenarios therefore have to be studied separately. In some static scenarios, the directivity of the OOB radiation must be considered. When either the served users are mobile or the victim is mobile, the amount of received OOB radiation will change rapidly. By coherent integration over several coherence times, for example, a victim can protect its operation from outage in individual coherence times. Therefore, only the average OOB radiation is relevant in mobile scenarios. Figure 2 shows how the in-band and OOB beampatterns from a large array in line-of-sight compare to an isotropic SISO system. The transmit signal of the SISO system has the same ACLR as the transmit signals of the array. The transmit power is chosen such that all users receive the same in-band power. We see that there are bad directions with strong OOB radiation and that there can be good directions with very little OOB radiation.
Line-of-sight chAnneLs
Note that the radiation pattern of the multi-user case often is similar to the single-user case with only one visible beam. This happens when users experience very different path losses, which is common in a cellular system as shown in Fig.  2a . Then most of the radiated power has to be directed toward the weakest user if all users are to enjoy the same quality of service. The single-user case is thus the most relevant case in many practical scenarios.
When one user is served (one spatial component), the beamforming creates transmit signals with identical envelopes. Because the phase distortion is a function of the envelope, it is identical for all signals and the distortion is beamformed in the same way as the in-band signal, as seen in Fig. 2a . There is therefore one direction, toward the served user, with OOB radiation as bad as the SISO system. All other Figure 2 . The radiated in-band (solid blue) and out-of-band power (solid red) from a large uniform linear array, which has 300 antennas spaced by half a wavelength (2 GHz carrier frequency), that serves 1, 4, 15, 30 users through maximum-ratio precoding in line-of-sight. The baud rate is 20 MHz and the transmit signal has been pulse-shaped by a root-raised cosine with roll-off 0.22. Frequency-dependent beamforming is considered. For comparison, the radiated power from an isotropic SISO system is also shown (dashed lines). All systems operate with the same back-off and have the same radiated ACLR (23 dB). Figure e ) shows the radiation pattern when the beams have different powers. The beam power was chosen inversely proportional to the path loss, which is shown in the hexagonal sketch at the bottom right. The transmitted power from the array P array and from the SISO system P SISO are scaled such that all users in the different systems receive the same power. directions are suppressed in the same way as the in-band signal.
If the array serves multiple users (multiple spatial components), there are many directions in which the OOB radiation is beamformed. All these directions are better than in the SISO system, however. When the number of served users increases, the bad and good directions disappear (all directions become equally good) and the OOB radiation is significantly lower than in the SISO system, as can be seen in Figs. 2b-d .
The reason for the small OOB radiation is the lower transmit power of the array and the small degree that the OOB radiation is beamformed when multiple users are served. The radiation pattern in high-power mode, when the array has the same transmit power as the SISO system, is obtained by shifting the curves in Fig. 2 by 25 dB, 19 dB, 13 dB and 10 dB, respectively. Then the OOB power varies around its average, the SISO level, and can, in certain directions, be significantly higher than the average when few users are served.
That the OOB radiation becomes isotropic can be explained by viewing the OOB radiation as the sum of intermodulation products [14, Ch. 10.3] . Just as the frequencies of the intermodulation products are combinations of the constituent frequencies of the input signal, the beamforming directions of the intermodulation products are combinations of the directions of the input signal [8, 9] . The number of these combinations grows super-linearly in the number of input components. Thus, when the input signal has a few directions, the number of directions of the distortion is much larger. When the number is larger than the number of antennas, the distortion becomes isotropic.
The array in Fig. 2 is a linear array with uniform antenna spacing of half a wavelength. It creates radiation patterns without significant grating lobes, except for the back lobes on the opposite side of the array. Other array geometries with grating lobes would cause the OOB radiation to also radiate in the directions corresponding to those lobes. Since arrays with grating lobes in general also have narrower beams, the probability that a victim ends up in a beam of OOB radiation is not significantly changed by different array geometries. Furthermore, the OOB radiation in the directions of the grating lobes is still smaller than in the SISO system. The radiation patterns studied in Fig. 2 have the same basic appearance for any array type.
It is important to note that the array has no directions with worse OOB radiation than the SISO system. Since the in-band signal is beamformed to maximize its array gain, the OOB radiation can at most obtain the same array gain as the in-band signal, and therefore the OOB radiation is never stronger than in a SISO system with the same ACLR.
There is a small risk that a victim stands in a bad direction, especially if few users are served. The worst case is when a system serves one user and a victim stands in the same direction as that user. In this case, the victim receives as much OOB radiation as from the SISO system. The probability that an unfortunate victim stands in a bad direction becomes smaller as the number of antennas grows large, and the main lobe becomes narrower.
Based on this discussion, we make the following observations: • Keeping the same ACLR requirements as in legacy systems would guarantee that no victim, not even the most unfortunate one, receives more OOB power than from a legacy system. The ACLR requirement does not have to be more stringent. • If multiple users are served via spatial multiplexing, the OOB radiation can be treated as isotropic and the legacy ACLR requirement can be relaxed. • If a single user is served, the OOB radiation is highly directive and the legacy ACLR requirement can be relaxed if a certain probability is allowed that an unfortunate victim ends up in an OOB lobe. This probability is increasingly small when the array is large.
stAtic chAnneLs with isotropic fAding If the victim system is sensitive to outage, for example, when it has high reliability or latency requirements, and the OOB radiation has to be constrained on a time scale that is comparable to the coherence time of the channel, then the channel has to be considered static when studying the OOB radiation. Much of what was said previously about static line-of-sight channels carries over to frequency-selective channels with isotropic fading. One difference, however, comes from the increased number of propagation paths, which cause frequency-selective fading. When the channel of a user is frequency selective and has an impulse response with several taps, each tap with a different direction, beamforming to that user consists of beamforming the same stream of symbols, with different delays, in each of those directions. Frequency-selective beamforming thus increases the number of beamforming directions and makes the OOB radiation less directive, just like serving more users in the previous section. Therefore, the most unfortunate victim still receives much less OOB radiation than from a SISO system (approximately 17 dB less for the 0.01-th percentile compared to the average Figure 3 . The distribution of the power received by a victim in the adjacent band in an IID Rayleigh fading propagation environment with a delay spread equal to 15 symbol periods. The radiated power is normalized such that the served users receive the same amount of in-band power (same signal-to-noise ratio) as they would have if they were served one-by-one by a SISO system with transmit power P SISO . The transmit signals have the same ACLR in all cases. The signals to each of the ten users are assumed to be equally strong and, likewise, all path losses are equal. The mean received power is marked by vertical lines. CCDF SISO victim in Fig. 3 ) also in the single-user case. Another advantage of large arrays as compared to a SISO system is channel hardening. Figure 3 shows the distribution of the OOB power that a random victim receives for different systems with transmit signals with the same ACLR. It can be seen how fading, which is the result of multipath propagation, can result in large variations in OOB radiation in the SISO system. In a large array, however, channel hardening eliminates variations due to multipath propagation; the remaining variations come from the directivity of the transmission. Like in the line-of-sight system, the OOB radiation of the single-user system is slightly directive and there is a small risk that a victim receives more OOB radiation than on average; in Fig. 3 , the probability to receive 3 dB more OOB radiation than on average is 0.001. The directivity becomes less prominent when the number of significant users, that is, users to whom a significant part of the transmit power is directed, is increased. With 10 equally significant users, the vertical slope in Fig. 3 shows that the OOB radiation is practically isotropic. As noted above, however, large differences in path loss between the served users can require that most of the power is beamformed to a single user if all users are to enjoy the same quality of service. The single-us- er case is therefore representative also for many multi-user systems. In Fig. 4 , a simple scattering environment is illustrated. Scattering centers have been randomly dropped over an area and a uniform linear array with 100 antennas beamforms to three users inside the area. It can be seen that the directivity, or the array gain, of both the in-band and the OOB signal varies with location. The variations, however, are much smaller for the OOB signal because of its lack of directivity and because of channel hardening.
MobiLe chAnneLs with isotropic fAding
When the disturbing OOB power can be averaged over many channel fades and all gains can be averaged over the fading, the victim can protect its operation from outage as long as the average received OOB power is limited. In a mobile channel with isotropic fading, we have to distinguish between two cases: • Case 1: the channels to the served user and to the victim are uncorrelated. • Case 2: the channels are correlated. Whereas Case 1 is the common one, Case 2 might occur when the served user and victim are served by different transmitters but share the same antenna and their channel is not frequency selective enough to decorrelate the channels of the two bands.
In Case 1, the average OOB power that the victim receives, normalized by the path loss, is determined by the total radiated OOB power at the transmitter, both for legacy systems and for large arrays. Given a transmit power, an ACLR constraint thus limits how much OOB power a victim receives on average, which is enough to protect the operation of the victim. When the correlation is high, the OOB radiation of Case 2 has to be analyzed as in the static case, since the OOB radiation to the victim then experiences an array gain also when averaged over many fades.
Since less radiated power is required from a large array than from a legacy system for a given received in-band power, the average received OOB power is also correspondingly lower when the transmit signals of two systems have the same ACLR, which was seen in Fig. 3 . The ACLR requirement should therefore be relaxed for the large array as compared to the legacy system by the same amount, by which the total radiated power is reduced. Since the in-band array gain grows with the number of antennas of the array, the ACLR requirement can be relaxed more, the more antennas the array has. However, the radiated power also increases with the number of served users and varies slightly depending on the employed beamforming technique. Therefore, the ACLR requirement has to be specified in terms of these system parameters or set according to the worst scenario, in which the most OOB power is radiated. Figure 5 shows the average power spectral densities of two example scenarios; the path loss has been normalized for simplicity. In the legacy SISO case, highly linear hardware gives the transmitted signal a good ACLR. Consequently, the served user receives a sufficient amount of in-band power and, at the same time, the victim who operates in the adjacent band receives lit-tle disturbing power. In the large array case, the transmitted signal has an ACLR that is seemingly worse because less linear hardware is used; the transmitted power is also smaller. Because the signal is beamformed, however, the served user still receives a sufficient amount of in-band power. At the same time, the victim receives little disturbing power on average. This example shows that the ACLR constraint of SISO systems cannot directly be applied to arrays. The array gain of the in-band signal at the served users and the distribution of the OOB signal at the victim also have to be taken into account.
how to MeAsure oob rAdiAtion
To mitigate the disturbance of other systems, most communication standards, such as WCDMA, LTE, and WiFi, and national regulatory bodies, such as the FCC (the Federal Communications Commission) in the United States, limit the amount of permitted OOB radiation. This is usually done by enforcing a constraint on the ACLR of the transmit signal and a maximum power level for the emitted OOB signal. For example, in LTE the ACLR has to be better than 45 dBc, or the absolute power spectral density of the signal in a wide outdoor area (category A) has to be lower than -13 dBm/ MHz outside the allocated band, whichever is less stringent.
Two quantities are of interest: the useful in-band power at the served users, and the disturbing OOB power at the victim. Under the assumption that both powers are attenuated at equal levels, the ACLR of the transmitted signal is the ratio between the two. When the transmitter has a large array, the array gain will influence the received powers. We have seen that when the powers can be averaged over many coherence intervals, the disturbing OOB radiation is isotropic, while the useful in-band signal gets a large array gain. The ACLR regulations used in legacy systems that do not consider array gain are therefore unnecessarily stringent, and can be relaxed for large arrays by an amount equal to the array gain of the in-band signal.
In static scenarios, a constraint might have to include a safety margin to protect sensitive victims from the case when the array gain of the OOB radiation is significant. Because the OOB array gain is smaller than the in-band array gain and the transmit power is lower than in legacy systems, the ACLR constraint with added safety margin is still relaxed compared to legacy systems. For isotropic scattering, the safety margin can be read off from percentiles, like the one in Fig. 3 ; however, it is often small and can be neglected. In a lineof-sight channel, this margin can be substantial and can be measured by the served users.
Since OOB radiation is isotropic in many cases, a more practical way to apply the OOB constraint could be to regulate the total radiated OOB power in relation to the in-band power. The FCC [15, Sec. IV.G.3] has also mentioned the possibility to measure OOB radiation "over the air," that is, to take measurements at selected positions around the transmitting array and draw conclusions about the received OOB power everywhere else from those measurements. For practical reasons, over-the-air measurement is most likely the only alternative for mmWave arrays.
One way to do that, similar to the legacy ACLR measure, would be to set up a controlled environment and let the array beamform a signal to a served user in its normal operational mode, then measure the useful in-band power at the served user and the disturbing OOB power at a reference victim. The ratio between the two, i.e., the array ACLR, can then be constrained in the same way as in legacy systems. The reason for employing such a strategy would be to avoid measuring directly on each of the individual transmit signals in the array and to make the constraint independent of the number of antennas and other system parameters.
The reduction in average received OOB radiation is equal to the reduction in transmit power from the array as compared to the legacy system. When the large array emits the same amount of power as the legacy system, for example, to increase the transmission range, it will also emit the same amount of OOB radiation. And, when averaged over many channel realizations, the amount of OOB radiation received from the array will be the same as from the legacy system if the path loss is the same in both cases. In general, the OOB constraint cannot be relaxed compared to legacy systems in such a scenario. A stricter OOB constraint, however, is only necessary if there is a non-negligible risk that the array gain of the disturbing OOB radiation at a victim is large. We have shown how this risk is increasingly small for large arrays.
concLusion A large array can use less transmit power to serve multiple users with the same received signal-tonoise ratio as a legacy system thanks to the array gain of the in-band signal. Because of this, the received OOB power, averaged over several coherence intervals, is smaller than from a legacy system. The linearity requirements on the hardware in the large array can therefore be relaxed if the coherence intervals are short and the OOB radiation can be averaged.
During specific coherence intervals, however, the OOB radiation can form narrow beams in certain directions, which increases the received OOB power in those directions. Because the array gain of the OOB radiation never is larger than the array gain of the in-band signal, the received OOB radiation is never larger than from a legacy system. Therefore, the linearity requirements can be relaxed also when the coherence intervals are long.
When the large array serves multiple users with approximately the same power, the OOB radiation becomes close to isotropic. This makes it redundant to measure the radiation pattern for each setup, which can simplify the measurement of OOB radiation.
The linearity relaxation hinges on the lower transmit power. More stringent linearity requirements might be required for high-power arrays if the narrow beams of OOB radiation during individual coherence intervals have to be compensated for. If averaging can be done over multiple coherence times of the channel, however, a large array that transmits the same amount of power as a legacy system will need the same linearity requirements.
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